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Abstract 
Laser assisted machining (LAM) is a promising technology for machining hard to cut materials. In most experimental cases, LAM is undergone 
in two stages; first, the temperature at the material removal point ( mrT ) is tuned by adjusting laser parameters and next, the cutting tool is 
engaged. Introduction of highly localized heat energy to the workpiece makes the modeling of this process very complicated. Hence, an 
analytical model for the first stage of the process—rather than multiple experiments or FE modelling—would be beneficial. This article 
presents an analytical solution to the transient, temperature field in a rotating cylinder subject to a localized laser heat source. The analytical 
model utilizes Green’s functions to find an exact solution for the temperature distribution field. 
© 2016 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the International Scientific Committee of 7th HPC 2016 in the person of the Conference Chair Prof. 
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1. Introduction 
Laser assisted machining (LAM) is a hybrid process that is 
often used for machining of hard to cut materials. Lasers with 
powers as high as 2500W are now employed to various 
machining processes [1] where “hard-to-machine materials” are 
mostly intended. Titanium alloys [2], hardened and tool steels [3] 
and various ceramics [4] and composites [5] are among the cases 
where LAM promises to be useful. 
Predictive modelling of the machining process has always 
been of interest. When laser enters the process, improper 
selection of tool and settings of the machining and laser 
parameters, not only distorts the optimum cutting conditions, but 
may result in microstructural damages to the machined surface.  
LAM is usually performed in two consecutive steps. In the 
first step, the workpiece is subjected to laser beam without the 
engagement of the cutting tool. During this stage, laser and 
machining parameters are tuned so that the workpiece 
temperature at the material removal point ( mrT ) reaches a 
predefined value (see e.g. [6]). That is, a series of trial and errors 
are performed to reach an initial guess for the settings of laser 
and machining parameters. In the second stage, the cutting tool 
is engaged. 
An initial assessment of transient 3D thermal solution of the 
LAM was conducted by Rozzi [7, 8] where he introduced an 
approximate formulation besides his numerical solution for the 
temperature field. Rozzi defined a layer-wise model that could 
predict the surface temperature with good accuracy; however 
subject to significant errors at internal points. Other people such 
as Tian and Shin [6] had performed numerical modellings on 
complex features. However, none of the mentioned works can 
be considered as a complete analytical model. 
On the other hand, researchers working on the problems of 
laser welding and laser heat treatment had gone through a more 
systematic solution using the Green’s function method. For 
example, Nguyen [9] and Fachinotti [10] presented analytical 
solutions for heat sources with double-ellipsoidal and Gaussian  
power densities  moving in semi-infinite bodies. 
In this study, an analytical model is developed to calculate the 
point-wise temperature in a rotating cylinder subject to a 
localized heat source. The solution is an integral function that can 
be quickly computed. Note that solving the same problem using 
FE methods requires several hours of computation.  
© 2016 The Authors. Published by Elsevier B.V This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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2. Modelling Procedure and Formulation 
2.1. Basic governing equations 
Eq. (1) is the general heat equation governing heat transfer 
problem in the cylindrical coordinates  , ,r zM :
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where k is the coefficient of thermal conductivity, U is 
density and Pc  represents the specific heat capacity of the 
material, considered to be independent of temperature. 
2.2. Initial and boundary conditions 
At the beginning of the process, the workpiece is at room 
temperature; that is  , , ,0T r z TfM  . Modelling of the LAM 
process is dominated by various BCs including the heat flux from 
the laser source, heat generation at the tool engagement location, 
conduction by the cutting tool, advection of heat by chip 
removal, forced convective heat transfer by the protective gas jet, 
natural convection from the surfaces and end sections and, 
possibly, conduction at machine jaws. These conditions are 
expressed on the RHS of Eq. (2), respectively, as follows:  
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Fig. 1. Configuration of workpiece, pyrometer, laser head and cutting tool 
Previous studies and experiments [11, 12] have proven that 
the laser source, heat generation by the cutting tool, advection of 
heat by chip removal and forced convection by protective gas jet 
are dominant thermal effects. Noting that the laser heat flux 
( "ls lqD ) is a function of the laser absorption coefficient ( lsD )
and axial and circumferential positions of different surface 
points with respect to the laser center, Eq. (2) reduces to: 
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The end faces of the workpiece ( 0 ,  z z L  ) are subject 
to natural convection which is a negligible effect. Therefore, 
the end faces are considered to be at adiabatic condition: 
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2.3. Solution of the temperature field 
The general approach to solve Eq. (1) in this article is 
through the application of the appropriate Green’s function. 
For the heat transfer problem, it gives the temperature 
increase at position  , , ,r z tM due to implication of a unit 
impulsive heat flux applied at  , , , U T ] W  as given by Eq. (5): 
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Integrating the convolution of the Green’s function and 
heat flux function over time and space results in the temporal-
spatial evolution of the temperature field as given in Eq. (6). 
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Due to rotation of workpiece and translation of the laser 
head, axial and circumferential variables as replaced as below: 
 0 0    ,    2t f tT T Z ] ] Z So  o  (7)
where 0T  and 0] are initial circumferential and axial 
locations of the laser, Z  is the angular velocity of the spindle 
and f is the machining feed. 
It is proved that the Green’s function of a multi-
dimensional problem can be found as the product of the 
Green’s functions in each direction if the directions are 
linearly independent [13]. That is, in cylindrical coordinates: 
     1 2, , , , , ,G r z t G z t G r tM M' ' ' '  ' ' u ' ' ' (8)
where in Eq. (8), the first function is the fundamental (1D) 
response for a finite body having a unit impulsive input of 
heat flux at  ,] W , and the second function is a two 
dimensional disk, experiencing a unit impulsive input of heat 
flux at  , ,U T W ; both having adiabatic boundary conditions. 
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In Eq. (10), for 0n  , S  inside the summation should be 
replaced by 2S . R, represents the outer radius of the cylinder, 
L is the total length and D  is thermal diffusivity coefficient of 
the material, and mnE ’s are positive roots of the characteristic 
Eq. (11).
  0 , 1, 2, ,  &  0,1,  n mnJ m nE   }c  } (11)
In this equation, prime superscript represents 
differentiation with respect to the independent variable of the 
Bessel function.  
3. Experiments 
3.1. Material and instruments 
In order to verify the results of the analytical model, 
experiments were performed on samples made of DIN 1.7225 
carbon steel with a diameter of 32mm and a length of 
120mm . Samples were turned and the surface was sand 
blasted. Effective material properties are as given in Table 1. 
Table 1 Thermal properties of the test samples 
Item Specification Value Dimension
1 Thermal conductivity ( k ) 45 .W m K
2 Specific heat capacity ( Pc ) 450 .J kg K
3 Density ( U ) 7820 3kg m
4 Thermal diffusivity (D ) 612 10u 2m s
A lamp-pumped Nd:YAG laser with a maximum power of 
700W was used. Local temperature measurement was 
performed using an infrared pyrometer from MICRO-
EPSILON with an spectral range of 8 14 mP . Laser power 
was transferred to the machining region using fiber optics and 
through a lens to provide a spot size of 4mm .
The pyrometer is located in the horizontal plane and the 
laser head is located 73LI  q  above this plane, as shown in 
Fig. 1. The pyrometer was axially fixed in a position 20mm
from the end face of the workpiece.  
Absorption of the laser emission by the surface of the 
workpiece is one of significant parameters of the problem and 
strongly depends on surface quality and laser type. This 
coefficient for similar steels being emitted by Nd:YAG laser 
is reported (see e.g.[14-17]) to be  50 4 %lsD  r .
3.2. Experimental Procedure 
During the experiments, the pyrometer has been fixed in its 
location while laser head traveled about 50mm  along the 
workpiece length. 
Table 2 Machine tool and laser parameters 
Item Specification
Value
Dimension
Exp. 1 Exp. 2 
1 Rotation speed of the 
machine ( N )
300 115 rpm
2 Machine feed ( f ) 0.1044 0.1044 mm rev
3 Average laser power ( ) 300 275 W
Experiments were performed for two cases during which the 
parameters were as listed in Table 2. Considering 
experimental constraints, these parameters were selected 
through a series of experiments to reach circumstances with 
the highest temperature values, while avoiding surface 
melting. 
4. Results  
4.1. Adaptation of the experiments and analytical model 
First it should be noted that whereas the temperature field 
from analytical simulation is given at every point, the 
pyrometer reports an average temperature for the region in its 
focus. For the pyrometer in use, this region is a circle with a 
diameter of 5mm . Therefore, in order to be able to compare 
analytical results with the output of experiments, analytical 
solution was repeated for five points including the center of 
the measurement, and four other points located at equal 
distances 2mm'  at the sides of the central point. As seen 
in Fig. 2, the trend of the temperature history in all of these 
points is similar which is of course as predicted. 
Fig. 2. Adapting the measurement output with the analysis 
4.2. Comparison between the results of experiments and 
analytical model 
Experiments were performed in two cases and the 
analytical results are compared to the experimental data 
acquired. Due to the uncertainty in the absorption coefficient, 
lower and upper limits of the analytical solution are calculated 
for each case (Fig. 3).  It can be observed that the analytical 
and experimental results are in good agreement.  
Differences between these results can be classified into 
three zones; before the laser arrives at the pyrometer location 
(Entrance Zone), when the laser is around the location of 
pyrometer (Engagement Zone) and the time laser is leaving 
(Exit Zone). In the Entrance Zone, the main source of 
deviation is that the experiment and analysis are close to their 
temporal and spectral boundaries. That is, when the laser is 
entering and passing the edge of the workpiece, some 
irregular emission occur. Reading the temperature in the 
Engagement Zone—that contains the most important piece of 
information—is prone to errors due to averaging of the larger 
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temperature gradients. On the other hand, augmented errors of 
the Entrance Zone are integrated to form a cumulative 
deviation in this zone. In the Exit Zone, one can distinguish 
different trends; that is, experimental results show a slow 
descending curve while analytical result exhibit a slow 
ascending curve. This is the result of neglecting the effects of 
natural convection and conduction from the workpiece contact 
with the machine jaws. This behavior can be interpreted as a 
measure of the significance of these effects.  
Fig. 3. Comparison between experimental and analytical results 
Also, the analytical temperature of the center point is 
plotted in Fig. 3 to provide a better understanding of the real 
(point-wise) temperature of the points being heated by laser. 
The temperature of the center point at 115N rpm is 5%
higher than the average temperature and at 300N rpm the 
difference reaches 10% . It would be expected that with the 
increase of the turning velocity, temperature gradients become 
larger. This large gradient is one of the indication of the 
sensitivity, and thus effectiveness, of the laser assisted 
machining process and the benefits that would be anticipated 
from a valid analytical model. 
5. Conclusion 
The main goal of this study was to create a predicting 
model for the first phase of the laser assisted machining 
process. Therefore, an analytical model was developed for the 
process utilizing Green’s functions as the major tool. 
Good agreement between the trend of analytical and 
experimental results was observed, with the largest difference 
in the peak temperature value /Exp Anl ExpT T T' ' ' being 
less than 10%  of the temperature increase of the workpiece. 
This conformity between the analytical and experimental 
results verifies the analytical approach, providing a basis for 
creating a comprehensive thermal model for the whole laser 
assisted machining process. The model can now be applied to 
design experimental parameters so that the mrT is increased to 
the predefined value prior to actual experiments. 
During this study, a systematic method was used to model 
the temperature distribution in the rotating part being emitted 
by a laser source. In order to model the input laser heat, 
infinitesimal flux elements were integrated over the surface. It 
means that any other distribution of input heat flux can be 
modeled through this process. Hence, when dealing with the 
cutting process, it would be easily possible to enter the heat 
fluxes originated from plastic deformation, tool-workpiece 
friction or advection of heat by chip removal in the thermo-
mechanical model. 
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